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Abstract. In this article we introduce the concept of complex neutrosophıc subgroups (normal subgroups).
We define the notion of alpha-cut of complex neutrosophıc set, give examples and study some of its related
results. We also define the Cartesian product of complex neutrosophic subgroups. Furthermore, we
introduce the concept of image and preimage of complex neutrosophic set and prove some of its properties.
1. Introduction
[1], In 1965, Zadeh presented the idea of a fuzzy set. [2], Atanassov’s in 1986, initiated the notion of
intuitionistic fuzzy set which is the generalization of a fuzzy set. Neutrosophic set was first proposed by
Smarandache in 1999 [5], which is the generalization of fuzzy set and intuitionistic fuzzy set. Neutrosophic
set is characterized by a truth membership function, an indeterminacy membership function and a falsity
membership function. In 2002, the Ramot et al. [8], generalized the concept of fuzzy set and introduced
the notion of complex fuzzy set. There are many researchers which have worked on complex fuzzy set
for instance, Buckly [6], Nguyen et al. [7] and Zhang et al. [9]. In contrast, Ramot et al. [8] presented an
innovative concept that is totally different from other researchers, in which the author extended the range of
membership function to the unit circle in the complex plane, unlike the others who limited to. Furthermore
to solve enigma they also added an extra term which is called phase term in translating human language
to complex valued functions on physical terms and vice versa. Abd Uazeez et al. in 2012 [10], added the
non-membership term to the idea of complex fuzzy set which is known as complex intuitionistic fuzzy
sets, the range of values are extended to the unit circle in complex plan for both membership and non-
membership functions instead of [0, 1]. In 2016, Mumtaz Ali et al. [12], extended the concept of complex
fuzzy set, complex intuitionistic fuzzy set, and introduced the concept of complex neutrosophic sets which
is a collection of complex-valued truth membership function, complex-valued indeterminacy membership
function and complex-valued falsity membership function. Further in 1971, Rosenfeld [3], applied the
concept of fuzzy set to groups and introduced the concept of fuzzy groups. The author defined fuzzy
subgroups and studied some of its related properties. Vildan and Halis in 2017 [13], extended the concept
of fuzzy subgroups on the base of neutrosophic sets and initiated the notion of neutrosophic subgroups.
2010 Mathematics Subject Classification. 16Y60.
Keywords. Complex fuzzy sets; Complex neutrosophic sets; Neutrosophic subgroups; Complex neutrosophic subgroups; Complex
neutrosophic normal subgroups.
Email addresses: gulistanmath@hu.edu.pk (Muhammad Gulistan), fsmarandache@gmail.com (Florentin Smarandache),
amirabdullahktk@gmail.com (Amir Abdullah)
M. Gulistan, F. Smarandache, A. Abdullah / Int. J. of Algebra and Statistics 7 (2018), 94–112 95
Due to the motivation and inspiration of the above discussion. In this paper we introduce the concept of
a complex neutrosophic subgroups (normal subgroups). We have give examples and study some related
results. We also study the concept of Cartesian product of complex neutrosophic subgroups, image and
preimage of complex neutrosophic set and alpha-cut of complex neutrosophic set with the help of examples
and prove some of its properties.
2. Preliminaries
Here in this part we gathered some basic helping materials.
Definition 2.1. [1] A function f is defined from a universe X to a closed interval [0, 1] is called a fuzzy set,i.e., a
mapping:
f : X −→ [0, 1].
Definition 2.2. [8] A complex fuzzy set (CFS) C over the universe X, is defined an object of the form:
C = {(x, µC(x)) : x ∈ X}
where µC(x) = rC(x) · eiωC(x), here the amplitude term rC(x) and phase term ωC(x), are real valued functions, for every
x ∈ X, the amplitude term µC(x) : X → [0, 1] and phase term ωC(x) lying in the interval [0, 2pi].




x, rC1 (x) · eiνC1 (x), kC1 (x) · eiωC1 (x)
〉





x, rC2 (x) · eiνC2 (x), kC2 (x) · eiωC2 (x)
〉





C1 ⊆ C2 ⇔ rC1 (x) ≤ rC2 (x), kC1 (x) ≥ kC2 (x) and νC1 (x) ≤ νC2 (x), ωC1 (x) ≥ ωC2 (x).
2. Equal:
C1 = C2 ⇔ rC1 (x) = rC2 (x), kC1 (x) = kC2 (x) and νC1 (x) = νC2 (x), ωC1 (x) = ωC2 (x).
Definition 2.4. [12] Let X be a universe of discourse, and x ∈ X. A complex neutrosophic set (CNS) C in X is
characterized by a complex truth membership function CT(x) = pC(x) · eiµC(x), a complex indeterminacy membership
function CI(x) = qC(x) · eiνC(x) and a complex falsity membership function CF(x) = rC(x) · eiωC(x). The values
CT(x),CI(x),CF(x) may lies all within the unit circle in the complex plane, where pC(x), qC(x), rC(x) and µC(x),
νC(x) ωC(x) are amplitude terms and phase terms, respectively, and where pC(x), qC(x), rC(x) ∈ [0, 1], such that,
0 ≤ pC(x) + qC(x) + rC(x) ≤ 3 and µC(x), νC(x) ωC(x) ∈ [0, 2pi].
The complex neutrosophic set can be represented in the form as:
C =
{〈
x,CT(x) = pC(x) · eiµC(x),CI(x) = qC(x) · eiνC(x),
CF(x) = rC(x) · eiωC(x)
〉
: x ∈ X
}
.








x2, 0.4e0.6pii, 0.5e1.3pii, 0.1e0.6pii
〉
,〈
x3, 0.1e0.6pii, 0.3e0.9pii, 0.9e0.7pii
〉  .
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Definition 2.6. [3] Let G be any group with multiplication and F be a fuzzy subset of a group G, then F is called a
fuzzy subgroup (FSG) of G, if the following axioms are hold:
(FSG1): F (x · y) ≥ min{F (x),F (y)}.
(FSG2): F (x−1) ≥ F (x), ∀ x, y ∈ G.
Definition 2.7. [13] Let G be any group with multiplication and N be a neutrosophic set on a group G. Then N is
called a neutrosophic subgroup (NSG) of G, if its satisfy the following conditions:
(NSG1): N(x · y) ≥ N(x) ∧N(y), i.e.,
TN (x · y) ≥ TN (x) ∧ TN (y), IN (x · y) ≥ IN (x) ∧ IN (y) and FN (x · y) ≤ FN (x) ∨ FN (y).
(NSG2): N(x−1) ≥ N(x), i.e.,
TN (x−1) ≥ TN (x), IN (x−1) ≥ IN (x) and FN (x−1) ≤ FN (x), for all x and y in G.
3. Complex Neutrosophic Subgroup




TC = pC · eiµC , IC = qC · eiνC ,FC = rC · eiωC
〉}
.
Definition 3.1. A complex neutrosophic set C =
{〈
TC = pC · eiµC , IC = qC · eiνC ,FC = rC · eiωC
〉}
on a group (G, ·) is
known as a complex neutrosophic subgroup (CNSG) of G, if for all elements x, y ∈ G, the following conditions are
satisfied:
(CNSG1): C(xy) ≥ min {C(x),C(y)} i.e.,
(i) pC(xy) · eiµC(xy) ≥ min{pC(x) · eiµC(x), pC(y) · eiµC(y)}
(ii) qC(xy) · eiνC(xy) ≥ min{qC(x) · eiνC(x), qC(y) · eiνC(y)}
(iii) rC(xy) · eiωC(xy) ≤ max{rC(x) · eiωC(x), rC(y) · eiωC(y)}
(CNSG2): C(x−1) ≥ C(x) i.e.,
(iv) pC(x−1) · eiµC(x−1) ≥ pC(x) · eiµC(x)
(v) qC(x−1) · eiνC(x−1) ≥ qC(x) · eiνC(x)
(vi) rC(x−1) · eiωC(x−1) ≤ rC(x) · eiωC(x).








−1, 0.6e0.5pii, 0.5e0.4pii, 0.4e0.2pii
〉
,〈




−i, 0.5e0.3pii, 0.4e0.2pii, 0.1e0.2pii
〉 
be a complex neutrosophic set on G. Clearly C is a complex neutrosophic subgroup of G.
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3.1. Cartesian Product of Complex Neutrosophic Subgroups
Definition 3.3. Let C1 = 〈C1T(x),C1I(x),C1F(x)〉 and C2 = 〈C2T(x),C2I(x),C2F(x)〉 be any two complex neutro-
sophic subgroups of the groups G1 and G2, respectively. Then the Cartesian product of C1 and C2, represented by
C1 × C2 and define as:
C1 × C2 =
{ 〈
(x, y), (C1 × C2)T(x, y), (C1 × C2)I(x, y), (C1 × C2)F(x, y)〉
/ ∀ x ∈ G1, y ∈ G2
}
where
(C1 × C2)T(x, y) = min {C1T(x),C2T(y)} ,
(C1 × C2)I(x, y) = min {C1I(x),C2I(y)} ,
(C1 × C2)F(x, y) = max {C1F(x),C2F(y)} .









−1, 0.6e0.5pii, 0.5e0.4pii, 0.4e0.2pii
〉
,〈














ω, 0.7e0.6pii, 0.5e0.4pii, 0.3e0.2pii
〉
,〈
ω2, 0.7e0.6pii, 0.5e0.4pii, 0.3e0.2pii
〉 
are two complex neutrosophic subgroups of G1 and G2, respectively.
Now let x = 1 and y = ω, then
C1 × C2 = {〈(C1 × C2)T(1, ω), (C1 × C2)I(1, ω), (C1 × C2)F(1, ω)〉 , ...}













Theorem 3.5. If C1 and C2 are any two complex neutrosophic subgroups of the groups G1 and G2 respectively, then
C1 × C2 is a complex neutrosophic subgroup of G1 × G2.
Proof: Assume that C1 = 〈C1T,C1I,C1F〉 and C2 = 〈C2T,C2I,C2F〉 be any two complex neutrosophic sub-
groups of the groups G1 and G2, respectively. Let any arbitrary elements x1, x2 ∈ G1 and y1, y2 ∈ G2, then
(x1, y1),(x2, y2) ∈ G1 × G2.
Consider,
(C1 × C2)T((x1, y1), (x2, y2)) = (C1 × C2)T(x1x2, y1y2)
= min{C1T(x1x2),C2T(y1y2)}
≥ C1T(x1) ∧ C1T(x2) ∧ C2T(y1) ∧ C2T(y2)
= C1T(x1) ∧ C2T(y1) ∧ C1T(x2) ∧ C2T(y2)
= (C1 × C2)T(x1, y1) ∧ (C1 × C2)T(x2, y2).
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Similarly,
(C1 × C2)I((x1, y1), (x2, y2)) ≥ (C1 × C2)I(x1, y1) ∧ (C1 × C2)I(x2, y2),
and
(C1 × C2)F((x1, y1), (x2, y2)) = (C1 × C2)F(x1x2, y1y2)
= max{C1F(x1x2),C2F(y1y2)}
≤ C1F(x1) ∨ C1F(x2) ∨ C2F(y1) ∨ C2F(y2)
= C1F(x1) ∨ C2F(y1) ∨ C1F(x2) ∨ C2F(y2)
= (C1 × C2)F(x1, y1) ∨ (C1 × C2)F(x2, y2).
Also,
(C1 × C2)T(x1, y1)−1 = (C1 × C2)T(x−11 , y−11 )
= C1T(x−11 ) ∧ C2T(y−11 )
≥ C1T(x) ∧ C2T(y)
= (C1 × C2)T(x, y).
Similarly,
(C1 × C2)I(x1, y1)−1 ≥ (C1 × C2)I(x, y).
And
(C1 × C2)F(x1, y1)−1 = (C1 × C2)F(x−11 , y−11 )
= C1F(x−11 ) ∨ C2F(y−11 )
≤ C1F(x) ∨ C2F(y)
= (C1 × C2)F(x, y).
Hence C1 × C2 is a complex neutrosophic subgroup of G1 × G2. 
Theorem 3.6. Let C be a CNSG of a group G. Then the following properties are satisfied:
(a) C(eˆ) · eiC(eˆ) ≥ C(x) · eiC(x) ∀ x ∈ G, where eˆ is the unit element of G.
(b) C(x−1) · eiC(x−1) = C(x) · eiC(x) for each x ∈ G.
Proof: (a) Let eˆ be the unit element of G and x ∈ G be arbitrary element, then by (CNSG1), (CNSG2) of
Definition 3.1,
pC(eˆ) · eiµC(eˆ) = pC(x · x−1) · eiµC(x·x−1)
≥ pC(x) · eiµC(x) ∧ pC(x−1) · eiµC(x−1)
= pC(x) · eiµC(x) ∧ pC(x) · eiµC(x)
= pC(x) · eiµC(x)
pC(eˆ) · eiµC(eˆ) ≥ pC(x) · eiµC(x),
Similarly,
qC(eˆ) · eiνC(eˆ) ≥ qC(x) · eiνC(x).
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And
rC(eˆ) · eiωC(eˆ) = rC(x · x−1) · eiωC(x·x−1)
≤ rC(x) · eiωC(x) ∨ rC(x−1) · eiωC(x−1)
= rC(x) · eiωC(x) ∨ rC(x) · eiωC(x)
= rC(x) · eiωC(x)
rC(eˆ) · eiωC(eˆ) ≤ rC(x) · eiωC(x).
Hence C(eˆ) · eiC(eˆ) ≥ C(x) · eiC(x) is satisfied, for all x ∈ G.
(b) Let x ∈ G. Since C is a complex neutrosophic subgroup of G,
so C(x−1) · eiC(x−1) ≥ C(x) · eiC(x) is clear from (CNSG2) of Definition 3.1.
Again by applying (CNSG2) of Definition 3.1, and using group structure ofG, the other side of the inequality
is proved as follows;
pC(x) · eiµC(x) = pC(x−1)−1 · eiµC(x−1)−1 ≥ pC(x−1) · eiµC(x−1),
qC(x) · eiνC(x) = qC(x−1)−1 · eiνC(x−1)−1 ≥ qC(x−1) · eiνC(x−1),
rC(x) · eiωC(x) = rC(x−1)−1 · eiωC(x−1)−1 ≤ rC(x−1) · eiωC(x−1).
Therefore,
C(x) · eiC(x) ≥ C(x−1) · eiC(x−1).
Thus,
C(x−1) · eiC(x−1) = C(x) · eiC(x).
Hence C(x−1) · eiC(x−1) = C(x) · eiC(x) is satisfied, for all x ∈ G. 
Theorem 3.7. Let C be a complex neutrosophic set on a group G. Then C is a CNSG of G if and only if C(x · y−1) ·
eiC(x·y−1) ≥ C(x) · eiC(x) ∧ C(y) · eiC(y) for each x,y ∈ G.
Proof: Let C be a complex neutrosophic subgroup of G and x, y ∈ G, So, it is clear that,
pC(xy−1) · eiµC(xy−1) ≥ pC(x) · eiµC(x) ∧ pC(y−1) · eiµC(y−1)
≥ pC(x) · eiµC(x) ∧ pC(y) · eiµC(y).
Similarly,
qC(xy−1) · eiνC(xy−1) ≥ qC(x) · eiνC(x) ∧ qC(y) · eiνC(y).
And
rC(xy−1) · eiωC(xy−1) ≤ rC(x) · eiωC(x) ∨ rC(y−1) · eiωC(y−1)
≤ rC(x) · eiωC(x) ∨ rC(y) · eiωC(y).
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Hence
C(x · y−1) · eiC(x·y−1) = (pC(xy−1) · eiµC(xy−1), qC(xy−1) · eiνC(xy−1),
rC(xy−1) · eiωC(xy−1))
≥ (pC(x) · eiµC(x) ∧ pC(y) · eiµC(y), qC(x) · eiνC(x)
∧ qC(y) · eiνC(y), rC(x) · eiωC(x) ∨ rC(y) · eiωC(y))
= (pC(x) · eiµC(x), qC(x) · eiνC(x), rC(x) · eiωC(x))
∧ (pC(y) · eiµC(y), qC(y) · eiνC(y), rC(y) · eiωC(y))
= C(x) · eiC(x) ∧ C(y) · eiC(y).
Thus,
C(x · y−1) · eiC(x·y−1) ≥ C(x) · eiC(x) ∧ C(y) · eiC(y).
Conversely, Suppose the condition
C(x · y−1) · eiC(x·y−1) ≥ C(x) · eiC(x) ∧ C(y) · eiC(y)
is hold.
Let eˆ be the unit of G, since G is a group,
pC(x−1) · eiµC(x−1) = pC(eˆ · x−1) · eiµC(eˆ·x−1)
≥ pC(eˆ) · eiµC(eˆ) ∧ pC(x) · eiµC(x)
= pC(x · x−1) · eiµC(x·x−1) ∧ pC(x) · eiµC(x)
≥ pC(x) · eiµC(x) ∧ pC(x) · eiµC(x) ∧ pC(x) · eiµC(x)
= pC(x) · eiµC(x)
pC(x−1) · eiµC(x−1) ≥ pC(x) · eiµC(x).
Similarly,
qC(x−1) · eiνC(x−1) ≥ qC(x) · eiνC(x).
And
rC(x−1) · eiωC(x−1) = rC(eˆ · x−1) · eiωC(eˆ·x−1)
≤ rC(eˆ) · eiωC(eˆ) ∨ rC(x) · eiωC(x)
= rC(x · x−1) · eiωC(x·x−1) ∨ rC(x) · eiωC(x)
≤ rC(x) · eiωC(x) ∨ rC(x) · eiωC(x) ∨ rC(x) · eiωC(x)
= ∨rC(x) · eiωC(x).
So, the condition (CNSG2) of Definition 3.1 is satisfied.
Now let us show the condition (CNSG1) of Definition 3.1,
pC(x · y) · eiµC(x·y) = pC(x · (y−1)−1) · eiµC(x·(y−1)−1)
≥ pC(x) · eiµC(x) ∧ pC(y−1) · eiµC(y−1)
≥ pC(x) · eiµC(x) ∧ pC(y) · eiµC(y).
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Similarly,
qC(x · y) · eiνC(x·y) ≥ qC(x) · eiνC(x) ∧ qC(y) · eiνC(y)
and
rC(x · y) · eiωC(x·y) = rC(x · (y−1)−1) · eiωC(x·(y−1)−1)
≤ rC(x) · eiωC(x) ∨ rC(y−1) · eiωC(y−1)
≤ rC(x) · eiωC(x) ∨ rC(y) · eiωC(y).
Therefore (CNSG1) of Definition 3.1 is also satisfied. Thus C is a complex neutrosophic subgroup of G. 
F Based on Theorem 3.7, we define complex neutrosophic subgroup as follows:
Definition 3.8. Let G be any group with multiplication. A complex neutrosophic set
C =
{〈
TC = pC · eiµC , IC = qC · eiνC ,FC = rC · eiωC
〉}
on group G is known as a complex neutrosophic subgroup (CNSG) of G, if
C(x−1y) ≥ min {C(x),C(y)} i.e.,
(i) pC(x−1y) · eiµC(x−1 y) ≥ min{pC(x) · eiµC(x), pC(y) · eiµC(y)}
(ii) qC(x−1y) · eiνC(x−1 y) ≥ min{qC(x) · eiνC(x), qC(y) · eiνC(y)}
(iii) rC(x−1y) · eiωC(x−1 y) ≤ max{rC(x) · eiωC(x), rC(y) · eiωC(y)},∀ x, y ∈ G.
Example 3.9. Let G = {1,−1, i,−i} be a group under multiplication, and C = 〈TC, IC,FC〉 be complex neutrosophic
set on G, such that
TC(1) = 0.8e0.6pii,TC(−1) = 0.7e0.5pii,TC(i) = TC(−i) = 0.3e0.2pii
IC(1) = 0.7e0.5pii, IC(−1) = 0.6e0.4pii, IC(i) = IC(−i) = 0.2e0.2pii
FC(1) = 0.5e0.4pii,FC(−1) = 0.1e0.2pii,FC(i) = FC(−i) = 0.1e0.2pii.
Clearly, C is a complex neutrosophic subgroup of G.
Theorem 3.10. If C1 and C2 are two complex neutrosophic subgroups of a group G, then the intersection C1 ∩C2 is
a complex neutrosophic subgroup of G.
Proof: Let x, y ∈ G be any arbitrary elements. By Theorem 3.7, it is enough to show that
(C1 ∩ C2)(x · y−1) ≥ (C1 ∩ C2)(x) ∧ (C1 ∩ C2)(y).
First consider the truth-membership degree of the intersection
pC1∩C2 (x · y−1) · eiµC1∩C2 (x·y−1) = pC1 (x · y−1) · eiµC1 (x·y−1)
∧ pC2 (x · y−1) · eiµC2 (x·y−1)
≥ pC1 (x) · eiµC1 (x) ∧ pC1 (y) · eiµC1 (y)
∧ pC2 (x) · eiµC2 (x) ∧ pC2 (y) · eiµC2 (y)
= (pC1 (x) · eiµC1 (x) ∧ pC2 (x) · eiµC2 (x))
∧ (pC1 (y) · eiµC1 (y) ∧ pC2 (y) · eiµC2 (y))
= pC1∩C2 (x) · eiµC1∩C2 (x)
∧ pC1∩C2 (y) · eiµC1∩C2 (y).
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Similarly,
qC1∩C2 (x · y−1) · eiνC1∩C2 (x·y−1) ≥ qC1∩C2 (x) · eiνC1∩C2 (x)
∧ qC1∩C2 (y) · eiνC1∩C2 (y).
And
rC1∪C2 (x · y−1) · eiωC1∪C2 (x·y−1) = rC1 (x · y−1) · eiωC1 (x·y−1)
∨ rC2 (x · y−1) · eiωC2 (x·y−1)
≤ rC1 (x) · eiωC1 (x) ∨ rC1 (y) · eiωC1 (y)
∨ rC2 (x) · eiωC2 (x) ∨ rC2 (y) · eiωC2 (y)
= rC1 (x) · eiωC1 (x) ∨ rC2 (x) · eiωC2 (x)
∨ rC1 (y) · eiωC1 (y) ∨ rC2 (y) · eiωC2 (y)
= rC1∪C2 (x) · eiωC1∪C2 (x)
∨ rC1∪C2 (y) · eiωC1∪C2 (y).
Hence C1 ∩ C2 is a complex neutrosophic subgroup of G. 
Theorem 3.11. If C1 and C2 are two complex neutrosophic subgroups of a group G, then the union C1 ∪ C2 is a
complex neutrosophic subgroup of G.
Proof: Let x, y ∈ G be any arbitrary elements. By Theorem 3.7, it is enough to show that
(C1 ∪ C2)(x · y−1) ≥ min{(C1 ∪ C2)(x), (C1 ∪ C2)(y)}.
Consider,
pC1∪C2 (x · y−1) · eiµC1∪C2 (x·y−1) = pC1 (x · y−1) · eiµC1 (x·y−1)
∨ pC2 (x · y−1) · eiµC2 (x·y−1)
≥ pC1 (x) · eiµC1 (x) ∧ pC1 (y) · eiµC1 (y)
∨ pC2 (x) · eiµC2 (x) ∧ pC2 (y) · eiµC2 (y)
= (pC1 (x) · eiµC1 (x) ∨ pC2 (x) · eiµC2 (x))
∧ (pC1 (y) · eiµC1 (y) ∨ pC2 (y) · eiµC2 (y))
= min{pC1∪C2 (x) · eiµC1∪C2 (x),
pC1∪C2 (y) · eiµC1∪C2 (y)}.
And
rC1∩C2 (x · y−1) · eiωC1∩C2 (x·y−1) = rC1 (x · y−1) · eiωC1 (x·y−1)
∧ rC2 (x · y−1) · eiωC2 (x·y−1)
≤ rC1 (x) · eiωC1 (x) ∨ rC1 (y) · eiωC1 (y)
∧ rC2 (x) · eiωC2 (x) ∨ rC2 (y) · eiωC2 (y)
= rC1 (x) · eiωC1 (x) ∧ rC2 (x) · eiωC2 (x)
∨ rC1 (y) · eiωC1 (y) ∧ rC2 (y) · eiωC2 (y)
= max{rC1∩C2 (x) · eiωC1∩C2 (x),
rC1∩C2 (y) · eiωC1∩C2 (y)}.
Thus, C1 ∪ C2 is a complex neutrosophic subgroup of G. 
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4. Alpha-Cut of Complex Neutrosophic Set
Definition 4.1. Let C =
〈
CT = pCeiµC ,CI = qCeiνC ,CF = rCeiωC
〉
be a complex neutrosophic set onX and α = β · eiγ,
where β ∈ [0, 1], γ ∈ [0, 2pi].
Define the α-level set of C as follows:





















x ∈ X | rC(x) · eiωC(x) ≤ β · eiγ
}
.
It is easy to verify that,
(1) If C1 ⊆ C2 and α = β · eiγ, where, β ∈ [0, 1], γ ∈ [0, 2pi], then,(





pC2 (x) · eiµC2 (x)
)
α(





qC2 (x) · eiνC2 (x)
)
α(
rC1 (x) · eiωC1 (x)
)α ⊇ (rC2 (x) · eiωC2 (x))α .
(2) α1 ≤ α2 where, α1 = β1 · eiγ1 , α2 = β2 · eiγ2 implies that(





pC1 (x) · eiµC1 (x)
)
α2(





qC1 (x) · eiνC1 (x)
)
α2(
rC1 (x) · eiωC1 (x)









x2, 0.7e0.1pii, 0.6e0.5pii, 0.7e0.4pii
〉
,〈
x3, 0.6e0.4pii, 0.4e0.5pii, 0.1e0.4pii
〉 
be a complex neutrosophic set of X, and α = 0.4e0.4pii. Then the α-level set as: Cα = {x3}.
Proposition 4.3. C is a complex neutrosophic subgroup of G if and only if for all α = βeiγ where, β ∈ [0, 1], γ ∈














are classical subgroups of G.

















pC(x · y−1) · eiµC(x·y−1) ≥ pC(x) · eiµC(x) ∧ pC(y) · eiµC(y)
≥ α ∧ α = α.
Similarly,
qC(x · y−1) · eiνC(x·y−1) ≥ α.
And
rC(x · y−1) · eiωC(x·y−1) ≤ rC(x) · eiωC(x) ∨ rC(y) · eiωC(y)
≤ α ∨ α = α.
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be a classical subgroup of G, for each α = βeiγ where β ∈ [0, 1], γ ∈ [0, 2pi].






















pC(x · y) · eiµC(x·y) ≥ α = pC(x) · eiµC(x) ∧ pC(y) · eiµC(y),
and
pC(x−1) · eiµC(x−1) ≥ δ = pC(x) · eiµC(x).
Similarly,
qC(x · y) · eiνC(x·y) ≥ qC(x) · eiνC(x) ∧ qC(y) · eiνC(y),
qC(x−1) · eiνC(x−1) ≥ qC(x) · eiνC(x).
And
rC(x · y) · eiωC(x·y) ≤ rC(x) · eiωC(x) ∨ rC(y) · eiωC(y),
rC(x−1) · eiωC(x−1) ≤ rC(x) · eiωC(x).
So, the conditions of Definition 3.1 are satisfied. Hence G is a complex neutrosophic subgroup. 
5. Image and Preimage of Complex Neutrosophic Set
Definition 5.1. Let f : G1 −→ G2 be a function and C1 and C2 be the complex neutrosophic sets of G1 and G2,




p f (C1)(y) · eiµ f (C1)(y), q f (C1)(y) · eiν f (C1)(y),




f (pC1 )(y) · ei f (µC1 )(y), f (qC1 )(y) · ei f (νC1 )(y),
f (rC1 )(y) · ei f (ωC1 )(y)
)
, ∀ y ∈ G2
where,
f (pC1 )(y) · ei f (µC1 )(y) =
{ ∨
pC1 (x) · eiµC1 (x), if x ∈ f−1(y)
0 otherwise
f (qC1 )(y) · ei f (νC1 )(y) =
{ ∨
qC1 (x) · eiνC1 (x), if x ∈ f−1(y)
0 otherwise
f (rC1 )(y) · ei f (ωC1 )(y) =
{ ∧
rC1 (x) · eiωC1 (x), if x ∈ f−1(y)
1 · ei2pi otherwise .
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And the preimage of a complex neutrosophic set C2 is a complex neutrosophic set of G1 and it is defined as follows: for
all x ∈ G1,
f−1(C2)(x) =
(
p f−1 (C2)(x) · eiµ f−1 (C2)(x), q f−1 (C2)(x) · eiν f−1 (C2)(x),




pC2 ( f (x)) · eiµC2 ( f (x)), qC2 ( f (x)) · eiνC2 ( f (x)),
rC2 ( f (x)) · eiωC2 ( f (x))
)
= C2( f (x)).
Theorem 5.2. Let G1 and G2 be two groups and f : G1 −→ G2 be a group homomorphism. If C is a complex
neutrosophic subgroup of G1, then the image of C, f (C) is a complex neutrosophic subgroup of G2.
Proof: Let C be a CNSG of G1 and y1, y2 ∈ G2. if f−1(y1) = φ or f−1(y2) = φ, then it is obvious that f (C) is
a CNSG of G2. Let us assume that there exist x1, x2 ∈ G1 such that f (x1) = y1 and f (x2) = y2. Since f is a
group homomorphism,




y1·y−12 = f (x)
pC(x) · eiµC(x)
≥ pC(x1 · x−12 ) · eiµC(x1·x
−1
2 ),




y1·y−12 = f (x)
qC(x) · eiνC(x)
≥ qC(x1 · x−12 ) · eiνC(x1·x
−1
2 ),




y1·y−12 = f (x)
rC(x) · eiωC(x)
≤ rC(x1 · x−12 ) · eiωC(x1·x
−1
2 ).
By using the above inequalities let us prove that
f (C)(y1 · y−12 ) ≥ f (C)(y1) ∧ f (C)(y2).
f (C)(y1 · y−12 ) =
(
f (pC(y1 · y−12 )) · ei f (µC(y1·y
−1
2 )), f (qC(y1 · y−12 )) · ei f (νC(y1·y
−1
2 )),






y1·y−12 = f (x)
pC(x) · eiµC(x),
∨
y1·y−12 = f (x)
qC(x) · eiνC(x),
∧





pC(x1 · x−12 ) · eiµC(x1·x
−1
2 ), qC(x1 · x−12 ) · eiνC(x1·x
−1
2 ),




M. Gulistan, F. Smarandache, A. Abdullah / Int. J. of Algebra and Statistics 7 (2018), 94–112 106
≥
(
pC(x1) · eiµC(x1) ∧ pC(x2) · eiµC(x2), qC(x1) · eiνC(x1)




pC(x1) · eiµC(x1), qC(x1) · eiνC(x1), rC(x1) · eiωC(x1)
∧pC(x2) · eiµC(x2), qC(x2) · eiνC(x2), rC(x2) · eiωC(x2)
)
= f (C)(y1) ∧ f (C)(y2).
This is satisfied for each x1, x2 ∈ G1 with f (x1) = y1 and f (x2) = y2, then it is obvious that



























f (pC(y2)) · ei f (µC(y2)), f (qC(y2)) · ei f (νC(y2)), f (rC(x2)) · ei f (ωC(x2))
)
= f (C)(y1) ∧ f (C)(y2).
Hence the image of a CNSG is also a CNSG. 
Theorem 5.3. Let G1 and G2 be the two groups and f : G1 −→ G2 be a group homomorphism. If C2 is a complex
neutrosophic subgroup of G2, then the preimage of f−1(C2) is a complex neutrosophic subgroup of G1.
Proof: LetC2 be a complex neutrosophic subgroup ofG2, and x1, x2 ∈ G1. Since f is a group homomorphism,
the following inequalities is obtained.
f−1(C2)(x1 · x−12 ) =
(
pC2 ( f (x1 · x−12 )) · eiµC2 ( f (x1·x
−1
2 )),
qC2 ( f (x1 · x−12 )) · eiνC2 ( f (x1·x
−1
2 )),






pC2 ( f (x1) · f (x2)−1) · eiµC2 ( f (x1)· f (x2)−1),
qC2 ( f (x1) · f (x2)−1) · eiνC2 ( f (x1)· f (x2)−1),




pC2 ( f (x1) ∧ f (x2)) · eiµC2 ( f (x1)∧ f (x2)),
qC2 ( f (x1) ∧ f (x2)) · eiνC2 ( f (x1)∧ f (x2)),




pC2 ( f (x1)) · eiµC2 ( f (x1)), qC2 ( f (x1) · eiνC2 ( f (x1)),
rC2 ( f (x1) · eiωC2 ( f (x1))) ∧ (pC2 ( f (x2)) · eiµC2 ( f (x2)),
qC2 ( f (x2) · eiνC2 ( f (x2)), rC2 ( f (x2) · eiωC2 ( f (x2))
)
= f−1(C2)(x1) ∧ f−1(C2)(x2).
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Hence f−1(C2) is a CNSG of G1. 
Theorem 5.4. Let f : G1 −→ G2 be a homomorphism of groups, C is a CNSG of G1 and define C−1 : G1 −→
[0, 1] · ei[0,2pi] × [0, 1] · ei[0,2pi] × [0, 1] · ei[0,2pi] as C−1(x) = C(x−1) for arbitrary x ∈ G1. Then the following properties
are valid.




)−1 = f (C−1).
Proof: (1) Let C is a complex neutrosophic subgroup of G1.
Since C−1 : G1 −→ [0, 1] · ei[0,2pi] × [0, 1] · ei[0,2pi] × [0, 1] · ei[0,2pi].
Let for all x ∈ G1, this implies that, C−1(x) = (xT, xI, xF) where xT ∈ [0, 1] · ei[0,2pi], xI ∈ [0, 1] · ei[0,2pi] and
xF ∈ [0, 1] · ei[0,2pi].
So C−1 is a complex neutrosophic subgroup of G1.
(2) Given that C−1(x) = C(x−1) ∀ x ∈ G1.
Since f : G1 −→ G2 be a homomorphism. As C is a CNSG of G1 this implies that C−1 is a CNSG of G1 by
part (1), so f (C−1) ∈ G2 and f (C) ∈ G2. Now by (1), ( f (C))−1 ∈ G2 as G2 is a group homomorphism.
So f (C−1) = ( f (C))−1 by uniqueness of inverse of an element. 
Corollary 5.5. Let f : G1 −→ G2 be an isomorphism on of groups, C is complex neutrosophic subgroup of G1, then
f−1( f (C)) = C.
Corollary 5.6. Let f : G −→ G be an isomorphism on a group G, C is complex neutrosophic subgroup of G, then
f (C) = C if and only if f−1(C) = C.
6. Complex Neutrosophic Normal Subgroup
Definition 6.1. Let C be a complex neutrosophic subgroup of a group G is known as a complex neutrosophic normal
subgroup (CNNSG) of G, if
C(xyx−1) ≥ C(y) i.e.,
(i) pC(xyx−1) · eiµC(xyx−1) ≥ pC(y) · eiµC(y)
(ii) qC(xyx−1) · eiνC(xyx−1) ≥ qC(y) · eiνC(y)
(iii) rC(xyx−1) · eiωC(xyx−1) ≤ rC(y) · eiωC(y), ∀ x,y ∈ G.
Example 6.2. Let G = S3 = {1, a, a2, b, ab, a2b} be a group and C = 〈TC, IC,FC〉 be a complex neutrosophic set of G
such that,
TC(1) = 0.8e0.6pii,TC(a) = TC(a2) = 0.6e0.6pii
TC(b) = TC(ab) = TC(a2b) = 0.5e0.4pii
IC(1) = 0.7e0.5pii, IC(a) = IC(a2) = 0.6e0.5pii
IC(b) = IC(ab) = IC(a2b) = 0.4e0.3pii
FC(1) = 0.5e0.4pii,FC(a) = FC(a2) = 0.3e0.2pii
FC(b) = FC(ab) = FC(a2b) = 0.3e0.2pii.
Then clearly C is a complex neutrosophic normal subgroup of G.
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Theorem 6.3. IfC1 andC2 are any two complex neutrosophic normal subgroups of the groupsG1 andG2 respectively,
then C1 × C2 is also a complex neutrosophic normal subgroup of G1 × G2.
Proof: Similarly to the proof of Theorem 3.5. 
Theorem 6.4. Let G be a group, and C1 and C2 be two CNNSGs of G, then C1 ∩ C2 is also a complex neutrosophic
normal subgroup of G.
Proof: Since C1 and C2 are CNNSGs of G, then
pC1 (x · y · x−1) · eiµC1 (x·y·x−1) ≥ pC1 (y) · eiµC1 (y),
and
pC2 (x · y · x−1) · eiµC2 (x·y·x−1) ≥ pC2 (y) · eiµC2 (y).
So, by the definition of the intersection,
pC1∩C2 (x · y · x−1) · eiµC1∩C2 (x·y·x−1) = pC1 (x · y · x−1) · eiµC1 (x·y·x−1)
∧ pC2 (x · y · x−1) · eiµC2 (x·y·x−1)
≥ pC1 (y) · eiµC1 (y) ∧ pC2 (y) · eiµC2 (y)
= pC1∩C2 (y) · eiµC1∩C2 (y).
By the similar way,
qC1∩C2 (x · y · x−1) · eiνC1∩C2 (x·y·x−1) ≥ qC1∩C2 (y) · eiνC1∩C2 (y).
And
rC1∪C2 (x · y · x−1) · eiωC1∪C2 (x·y·x−1) = rC1 (x · y · x−1) · eiωC1 (x·y·x−1)
∨ rC2 (x · y · x−1) · eiωC2 (x·y·x−1)
≤ rC1 (y) · eiωC1 (y) ∨ rC2 (y) · eiωC2 (y)
= rC1∪C2 (y) · eiωC1∪C2 (y).
Hence the intersection of two CNNSGs is also a CNNSG. 
Theorem 6.5. If C1 and C2 be two CNNSGs of G, then C1 ∪ C2 is a complex neutrosophic normal subgroup of G.
Proof: Similarly to the proof of Theorem 3.11. 
Proposition 6.6. Let C be a complex neutrosophic subgroup of a group G. Then the following are correspondent:
(1) C is a CNNSG of G.
(2) C(x · y · x−1) = C(y), ∀ x, y ∈ G.
(3) C(x · y) = C(y · x), ∀ x, y ∈ G.
Proof: (1)⇒ (2) : Let C be a complex neutrosophic normal subgroup of G. Take x, y ∈ G, then by Definition
6.1,
pC(x · y · x−1) · eiµC(x·y·x−1) ≥ pC(y) · eiµC(y),
qC(x · y · x−1) · eiνC(x·y·x−1) ≥ qC(y) · eiνC(y),
rC(x · y · x−1) · eiωC(x·y·x−1) ≤ rC(y) · eiωC(y).
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Thus taking arbitrary element x, the following is got for the truth membership of C,
pC(x−1 · y · x) · eiµC(x−1·y·x) = pC(x−1 · y · (x−1)−1 · eiµC(x−1·y·(x−1)−1)
≥ pC(y) · eiµC(y).
Therefore,
pC(y) · eiµC(y) = pC(x−1 · (x · y · x−1) · x) · eiµC(x−1·(x·y·x−1)·x)
≥ pC(x · y · x−1) · eiµC(x·y·x−1).
Thus, pC(x · y · x−1) · eiµC(x·y·x−1) = pC(y) · eiµC(y).
Similarly, qC(x · y · x−1) · eiνC(x·y·x−1) = qC(y) · eiνC(y).
For falsity membership,
rC(x−1 · y · x) · eiωC(x−1·y·x) = rC(x−1 · y · (x−1)−1) · eiωC(x−1·y·(x−1)−1)
≤ rC(y) · eiωC(y).
Therefore,
rC(y) · eiωC(y) = rC(x−1 · (x · y · x−1) · x) · eiωC(x−1·(x·y·x−1)·x)
≤ rC(x · y · x−1) · eiωC(x·y·x−1).
This implies that
rC(x · y · x−1) · eiωC(x·y·x−1) = rC(y) · eiωC(y).
Hence C(x · y · x−1) = C(y) for all x, y ∈ G.
(2)⇒ (3) : Substituting y = y · x in (2), the condition (3) is shown easily.
(3)⇒ (1) : According to C(y · x) = C(x · y), the equality
C(x · y · x−1) = C(y · x · x−1) = C(y) ≥ C(y)
is satisfied. Hence C is a CNNSG of G. 
Theorem 6.7. Let C is a complex neutrosophic subgroup of a group G. Then C is a complex neutrosophic normal















are classical subgroups of G.
Proof: Similarly to the proof of Proposition 4.3. 
Theorem 6.8. Let C is a complex neutrosophic normal subgroup of a group G. Let GC = {x ∈ G | C(x)eiC(x) =
C(eˆ)eiC(eˆ)}, where eˆ is the unit of G. Then the classical subset GC of G is a normal subgroup of G.
Proof: Let C be a CNNSG of G. First it is necessary to show that the classical subset GC is a subgroup of G.
Let us take x, y ∈ GC, then by Theorem 3.7,
C(x · y−1)eiC(x·y−1) ≥ C(x)eiC(x) ∧ C(y)eiC(y)
= C(eˆ)eiC(eˆ) ∧ C(eˆ)eiC(eˆ)
= C(eˆ)eiC(eˆ)
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and always C(eˆ)eiC(eˆ) ≥ C(x · y−1)eiC(x·y−1).
Hence x · y−1 ∈ GC, i.e., GC is a subgroup of G.
Now we will be shown that GC is normal. Take arbitrary x ∈ GC and y ∈ G. Therefore, C(x)eiC(x) = C(eˆ)eiC(eˆ).
Since C ∈CNNSG(G), the following is obtained,
C(y · x · y−1)eiC(y·x·y−1) = C(y−1 · y · x)eiC(y−1·y·x)
= C(x)eiC(x) = C(eˆ)eiC(eˆ).
Hence, y · x · y−1 ∈ GC, So GC is a normal subgroup of G.
Theorem 6.9. Let f : G1 −→ G2 be a group homomorphism and C2 is a CNNSG of G2. Then the preimage f−1(C2)
is a CNNSG of G1.
Proof: From the Theorem 5.3, it is known that f−1(C2) is a complex neutrosophic subgroup of G1. Hence it
is sufficient to show that normality property of f−1(C2). For arbitrary x1, x2 ∈ G1, by homomorphism of f
and by the normality of C2,
f−1(C2)(x1 · x2)ei f−1(C2)(x1·x2) = C2( f (x1 · x2))eiC2( f (x1·x2))
= C2( f (x1) · f (x2))eiC2( f (x1)· f (x2))
= C2( f (x2) · f (x1))eiC2( f (x2)· f (x1))
= C2( f (x2 · x1))eiC2( f (x2·x1))
= f−1(C2)(x2 · x1)ei f−1(C2)(x2·x1).
Hence, from the Proposition 6.6, f−1(C2) is a CNNSG of G1. 
Theorem 6.10. Let f : G1 −→ G2 be a surjective homomorphism of groups G1 and G2. if C is a CNNSG of G1, then
f (C) is a CNNSG of G2.
Proof: Since f (C) is a complex neutrosophic subgroup ofG2 is clear from the Theorem 5.2, it is sufficient only
to show that the normality condition by using Proposition 6.6 (3). Take y1, y2 ∈ G2 such that f−1(y1) , φ,
f−1(y2) , φ and f−1(y1 · y−12 ) , φ. So it is inferred that











For all x2 ∈ f−1(y2), x1 ∈ f−1(y1) and x−11 ∈ f−1(y−11 ), since C is normal,
pC(x1 · x2 · x−11 )eiµC(x1·x2·x
−1
1 ) ≥ pC(x2)eiµC(x2),
qC(x1 · x2 · x−11 )eiνC(x1·x2·x
−1
1 ) ≥ qC(x2)eiνC(x2),
rC(x1 · x2 · x−11 )eiωC(x1·x2·x
−1
1 ) ≤ rC(x2)eiωC(x2)
are obtained.
Since f is a homomorphism , it follows that
f (x1 · x2 · x−11 ) = f (x1) · f (x2) · f (x1)−1 = y1 · y2 · y−11 .
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f (pC(y1 · y2 · y−11 ))ei f (µC(y1·y2·y
−1
1 )) ≥ f (pC(y2))ei f (µC(y2)).
On the other hand, the following inequalities are obtained in a similar observation.
f (qC(y1 · y2 · y−11 ))ei f (νC(y1·y2·y
−1
1 )) ≥ f (qC(y2))ei f (νC(y2)),
f (rC(y1 · y2 · y−11 ))ei f (ωC(y1·y2·y
−1
1 )) ≥ f (rC(y2))ei f (ωC(y2)).
So the desired inequality,




f (pC(y1 · y2 · y−11 ))ei f (µC(y1·y2·y
−1
1 )),
f (qC(y1 · y2 · y−11 ))ei f (νC(y1·y2·y
−1
1 )),






f (pC(y2))ei f (µC(y2)), f (qC(y2))ei f (νC(y2)),




p f (C)(y2)eiµ f (C)(y2), q f (C)(y2)eiν f (C)(y2),
r f (C)(y2)eiω f (C)(y2)
)
= f (C)(y2)ei f (C)(y2),
is satisfied. 
7. Conclusion
In this paper we presented the concept of complex neutrosophic subgroups (normal subgroups) and
alpha-cut of complex neutrosophic set, and studied some of its motivating results. We have also defined the
Cartesian product of complex neutrosophic subgroups and discussed some its related results. Furthermore,
we have also defined the concept of image and preimage of complex neutrosophic set and studied some of
its properties. In future, we will generalized the study to soft set theory and will initiate the concept of soft
complex neutrosophic subgroups (normal subgroups).
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